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SUMMARY 
A generalized hypergeometric function pFQ with negative integral dilYerenoes 
between certain numerator and denominator parameters is proved to be in general 
expressible as a linear combination of lower-order functions. One possible extension 
of the result to hypergeometric functions of several variables is mentioned. 
1. Generalized hypergeometric functions r,Fh[ai, . . ., a,; br, . . ., b,; z] 
with integral parameter differences are, broadly speaking, expressible as 
finite sums involving lower-order functions. Having previously obtained 
[l] a reduction formula for the case al - bi, . . . , u,, - bn E n (a shorter proof 
of which was subsequently given by SRITASTAVA [2]), we here consider 
the case bi-ai, . . . . bm-a,, in. It is supposed that (i) n5 min (p, q), 
(ii) p5p+l, (iii) Iarg (I- )I z < n when p = q+ 1, and (iv) no denominator 
parameter equals zero or a negative integer. 
We first show that such a function is expressible as a linear combination 
of functions of the same type having parameter differences equal to unity: 
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Here, ml, . . . . mn are non-negative integers, and 
(2) (c, 8) = qc+gqc) 
denotes the Pochhammer symbol. To prove (l), we replace the hyper- 
geometric functions by power series. (For p = q + 1 the proof thus requires 
that IzI < 1; the result, however, follows for larg (1 -z)l <n by anslytic 
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continuation.) The right-hand member R then reads 
where, for brevity, 
(3) 
empty products are interpreted as unity. Now, by the aid of the elementary 
rules for the PO&hammer symbol, and of Vandermonde’s theorem 
(4) 2-w-m B; y; ll=(y--B, mm, a 
R is further transformed as follows: 
This expression is, upon insertion of (a), easily seen to be in fact the 
left-hand member of (1). 
For functions of the type appearing on the right-hand side of (1) we 
next show that, if the parameters al, . . ., a, are all different, then 
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To prove this result, the left-hand member is rewritten: 
which is, obviously, the right-hand side; the second equals sign does 
require that all elements of {al, . . . . a,} be different. 
Finally, combining (1) and (5) we find the reduction formula 
where 
provided that (i) all elements of (ui, . . . . a,,} are different and (ii) if 
u,, - a,, = N E X& then N > m,, is satisfied. It should be noted that, for n = 1, 
formulae (1) and (6) are identical, and reduction to lower-order functions 
does not take place. 
A simple example of reduction is obtained by taking p = Q= n = 2, 
ml = ma = 0 ; equation (6) then yields 
ZFZ 
maz; 
a1+l,az+l; 
z 
(8) 
C 1 m = ----IF1 a; %---al [ 1 m+l; 2 + 
+ 
a1 
------IFI 
a2; 
m--as [ 1 a2+l; z , 
provided that aa #al ; this 2F2 is thus expressible in terms of incomplete 
gamma functions. 
2. The rather passive role of the factor B in the preceding transfor- 
mations suggests the possibility of establishing similar results involving 
hypergeometric functions of several variables. We briefly mention one 
example of this kind. (A general formula would be extremely complicated.) 
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One of the generalized Kampe de FBriet functions is defined by 
‘F 
1 
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n:O [ 
. . . . an: br, . . . . br; 
Cl, . . . . Cn: 
21, ***, zr = 
; 
(9) 
1 
=,s,...,~.~~~::::1~~~; 
it reduces to Lauricella’s FD of r variables when n = 1. A reduction formula 
similar to (6) is 
Fn:l al, ***, an. * bl, . . . . b,; 
n:O *%, 
. . . . z, x 
I Ul+nZl+l, . . ..an+?&+l. , 1 
where C is the quantity defined in equation (7). Again, if a parameter 
difference a,-a, equals a non-negative integer IV, then the condition 
N> m, must be satisfied. The proof of (10) is quite similar to that of (6). 
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